Introduction
In this paper we try to explain our understanding of the results of the recent paper [1] and parts of [2] and [8] (Sec. 4.1) by means of elementary algebraic topology. The notion of T -duality originated in string theory. Instead of providing a historic account of T -duality here we refer to the two papers above and the literature cited therein. In fact, the first paper which studies T -duality is in some sense [10] . We will explain the relation with the present paper later in this introduction.
In the present paper we study T -duality for principal U (1)-bundles equipped with an integral cohomology class of degree 3. We will call such data a pair (Definition 2.1). We first introduce T -duality as a relation between pairs (Definition 2.8). At first glance our definition looks quite different from the definition of T -duality given in [1] (which unfortunately is not very precise 1 ) or [10] (see [8] , 4.1). But we will obtain a complete characterization of the T -dual (according to our definition) by topological invariants. These are compatible with [8] , (2) . Therefore, we can eventually conclude that our definition is equivalent to the one used in the above mentioned papers.
Later we will understand T -duality as a map which associates to a pair a unique dual pair in a two-periodic manner. This in particular reproves the result of [1] that each pair admits a T -dual.
Given a base space we study the set P(B) of isomorphism classes of pairs (E, h) over B, where E → B is of a U (1)-principal bundle and h a class h ∈ H 3 (E, Z). It turns out that the contravariant set-valued functor B → P(B) can be represented by a space R, the classifying space of pairs. The T -duality can then be considered as a natural transformation T : P → P of functors, and it is thus represented by a homotopy class of maps T : R → R. Our first main result (Theorem 2.13) is the characterization of the homotopy type of R as the homotopy fibration
which is classified by pr 1 INTRODUCTION 3 where c ∈ H 2 (K(Z, 2)) is the canonical generator. The space R carries a universal pair, and the map T will of course have the property to represent the universal dual pair (Definition 2.23).
The classifying space R in fact already appears in [10] , proof of Theorem. 4.12. It is used there in order to simplify the verification of the relation of topological invariants which corresponds to the assertion of Lemma 2.29 of the present paper. In [10] the main object is a continuous trace algebra A with an R-action such that its spectrum X (A) is a free U (1) ∼ = R/Z-space. To A we can associate a pair (X (A), h(A)) consisting of the U (1)-bundle X (A) → X (A)/U (1) and the Dixmier-Douady class h(A) ∈ H 3 (X (A), Z). Vice versa each pair can be realized in this way.
With an appropriate notion of Morita equivalence we have a bijection of equivalence classes of such algebras and pairs.
In [10] it is shown that the cross productÂ = A ⋊ R is again a continuous trace algebra with Raction (the latter R is in fact the dual group of R) of the same type as above. It follows from the
comparison of the topological invariants of the pairs (X (Â), h(Â)) and the dual pair ( X (A), h(A))
and the naturality of the constructions with respect to the change of the base spaces that our notion of T -duality of pairs indeed corresponds to the cross product in [10] . It is a well-known that Â is Morita equivalent to A. This fact is reflected in our picture by the result that T -duality is two-periodic.
As observed in many places, T -duality comes with isomorphisms in certain twisted generalized cohomology theories. In fact, the calculation of such twisted generalized cohomology groups in terms of the (perhaps easier to understand) generalized cohomology groups of the dual is one motivation for the study of T -duality. If (E, h) and (Ê,ĥ) are pairs over M, and in particular E andÊ are principal U (1)-bundles over M, which are dual to each other, than (as shown e.g. in [1] ) there is an isomorphism (of degree −1) in twisted complex K-theory K * (E, h) ∼ = K * −1 (Ê,ĥ) 1 INTRODUCTION 4 using standard operations in twisted cohomology (like pull-back and integration over the fiber) 2 .
or of real twisted cohomology H(E, R, h) ∼ = H(Ê,
We say that a twisted generalized cohomology is T -admissible if the T -duality transformation is an isomorphism in the special case of the pair (U (1) → * , 0). Our second main result is the observation (Theorem 3.13) that the T -duality transformation for a T -admissible twisted generalized cohomology theory is an isomorphism, and that this fact is an easy consequence of the Mayer-Vietoris principle.
In order to produce a precise statement we fix the axioms for a twisted generalized cohomology theory in Subsection 3.1. In doing so we add some precision to the statements in [1] , in particular to the observation that the Chern character preserves the T -duality transformation ([1], 1.14).
The main point is that the cohomology class h ∈ H 3 (E, Z) only determines the isomorphism class of a twist and so the isomorphism class of K(E, h) or H(E, R, h) as an abstract group. In order to be able to say that the Chern character is a transformation between twisted cohomology theories one must use the same explicit objects to twist K-theory as one uses to twist real cohomology. In order to twist complex K-theory one usually considers a principal PU -bundle (but not a three-form as in [1] ). On the other hand three-forms are usually used to twist real (de Rham) cohomology. We do not know any natural way to relate these two kinds of twists (but look at [6] , proof of Prop. 3.5, which perhaps solves this problem). In a previous paper [4] we have constructed versions of twisted K-theory and twisted real cohomology where the twists in both cases are Hitchin gerbes. For these versions of twisted cohomology theories the Chern character is indeed a natural transformation and preserved by T -duality.
For the purpose of illustration we perform some calculations of twisted K-theory. For threemanifolds we obtain a complete answer in Subsection 4.1 (compare with the partial results of [9] ). We demonstrate the T -duality isomorphism in twisted K-theory for U (1)-principal bundles over surfaces by explicite calculation.
It is a natural question if T -duality can be generalized to principal U (1) k -bundles for k > 1. As observed in [2] and [8] not every U (1) k -principal bundle has a T -dual in the classical sense.
Note the remarkable observation in [8] Theorem 4.4.2, that in general the T -dual of a U (1) 2 -5 principal bundle equipped with a three-dimensional integral cohomology class is a bundle of non-commutative tori. In the present paper we discuss the approach of defining a T -dual of a higher-dimensional principal torus bundle as an iterated T -dual of U (1)-principal bundles. We demonstrate by an example that this approach does not lead to a unique result.
A U (1)-principal bundle E → B is essentially the same object as the free U (1)-space E. In a continuation [5] of the present paper we discuss a generalization of T -duality to the case of U (1)-spaces where U (1) acts with at most finite stabilizers. For applications to physics, this seems to be the more relevant setting. 
If f :
A → B is a continuous map, then we can form the functorial pull-back f * (E, h) = ( f * E, F * h), where F is defined by the pull-back
2.1.3
We say that two pairs are isomorphic (written as
such that F * h 1 = h 0 .
2.1.4
Let (E i , h i ), i = 0, 1 be pairs over B. We say that they are homotopic (written as
. Note that we insist here in equality, it is not sufficient for later purposes to only have an isomorphism.
2.1.5
Lemma 2.2 On pairs, the relations "homotopy equivalence" ∼ and "isomorphism" ∼ = coincide.
Conversely, if (E 0 , h 0 ) and (E 1 , h 1 ) are isomorphic via an isomorphism F, we construct the ho-
, with h obtained (uniquely) using the MayerVietoris sequence for the cohomology of E. We take the freedom to use canonical isomorphisms between E k × {k} and E k , k = 0, 1. 2
Let
be the free loop space of K(Z, 3). This space admits an action of U (1) by uγ(t) := γ(u −1 t) for γ ∈ LK(Z, 3) and u,t ∈ U (1).
Definition 2.3
We define the space R as the total space of the associated bundle
Note that R is well defined up to homotopy equivalence. Note that we consider c also as a cohomology class c ∈ H 2 (R, Z). 
, and tv = u. Note that this is well-defined, independent of the choice of the representative of the class [v, γ] ∈ R. We consider this map also as a cohomology class h ∈ H 3 (E, Z). In this way we get a pair (E, h) over R.
Definition 2.4
We call this pair (E, h) the universal pair.
2.1.8
We define the contravariant functor P from topological spaces to sets which associates to the space B the set P(B) of isomorphism classes of pairs and to the map f : A → B the pull-back 
Proof. It immediately follows from Lemma 2.2 that the functor P is homotopy invariant. Therefore Ψ ... is a well-defined natural transformation.
Let [E, h] ∈ P(B) be given. Up to isomorphism, we can assume that we have a pull-back diagram
.
We represent the class h by a map h : E → K(Z, 3). We construct a lift f : B → R of c as follows.
For b ∈ B choose e ∈ E b . Then we set The construction has the property that f k = f k , therefore f is a homotopy between f 0 and f 1 ,
proving that Ψ B is injective. Proof. This follows from the Gysin sequence for S(V ). For this question the important segment 
Duality of pairs
2.2.1 Let π : E → B andπ :Ê → B be two U (1)-principal bundles. Let π : (L := E × U(1) C) → B andπ : (L :=Ê × U(1) C) → B beis → H 3 (B, Z) r * → H 3 (S(V ), Z) r ! → H 0 (B, Z) χ(V ) → H 4 (B, Z) → .
2.2.3
We now consider two pairs (E, h) and (Ê,ĥ).
the inclusions of the S 1 -bundles in the S 3 -bundle.
Definition 2.8 We say that (E, h) and (Ê,ĥ) are dual to each other if there exists a Thom class
Th for S(V ) such that h = i * Th andĥ =î * Th.
2.2.4
Let π : E → B andπ :Ê → B be given U (1)-principal bundles with first Chern classes c andĉ. Then 2.7 has the following consequence. and (Ê,ĥ +π * b) for some b ∈ H 3 (B, Z).
Corollary 2.9 There exists h
∈ H 3 (E, Z) andĥ ∈ H 3 (Ê, Z) such that (E,
2.2.5
Let (E, h) and (Ê,ĥ) be dual pairs. We consider the following part of the Gysin sequence
We observe the following consequence of 2.9.
Corollary 2.10 If (E, h) is dual to (Ê,ĥ) and also to
for some a ∈ H 1 (B, Z).
Lemma 2.11 If (E, h) is dual to
Proof. We defer the proof to 2.29. 2
Let us fix (E, h).

Theorem 2.12 The equivalence class of pairs which are dual to (E, h) is uniquely determined.
Proof. By Lemma 2.11 the isomorphism class of the underlying U (1)-bundleÊ of a pair dual
such that U * ĥ =ĥ ′ . Any automorphism U is given by multiplication by a suitable g : B → U (1).
Then we can factor U asÊ
where m is given by the principal bundle structure. Observe that we have the pull-back diagram
is the canonical generator, naturality of integration over the fiber, and the split of pr 2 , we obtain
Now we return to the construction of U (and therefore g) with U * ĥ =ĥ ′ . To achieve this, We consider a bundle
which is classified by κ ∈ H 4 (B, Z). For simplicity we assume that B is connected and simply connected. Then κ can be read off from the differential d 0,3 4 in the Serre spectral sequence for the bundle. By the Hurewicz theorem, the relevant part of the E 4 -page looks like
is multiplication with κ.
2.3.3
The main result of the present subsection is the determination of the homotopy type of
Theorem 2.13 R is the total space of a bundle
which is classified by c ∪ĉ ∈
2.3.4
To prove Theorem 2.13, we first compute the homotopy groups π i (R). Observe that S 0 and S 1 admit only one isomorphism class of pairs. This implies that R is connected and simply connected. This observation also frees us from basepoint considerations.
Lemma 2.15
The homotopy groups of R are given by
Proof. We first observe that there is exactly one isomorphism class of pairs over S i for i ≥ 4,
and π 3 (R).
If (E, h) is a pair over S 3 , then we have
Let us now consider a pair (E, h) over S 2 . Note that E is canonically oriented, in particular
be its first Chern class. Then we define the tuple of
The computation of the homotopy groups of R implies by the Hurewicz theorem that
Let π : E → R be the universal bundle and h ∈ H 3 (E, Z) be the universal class.
Definition 2.16
We defineĉ := −π ! (h) ∈ H 2 (R, Z).
Lemma 2.17
We have H 2 (R, Z) = cZ ⊕ĉZ.
Proof. Use the canonical isomorphisms
An inspection shows that this isomorphism maps ac + bĉ to
is freely generated by c andĉ. 2
2.3.6
Letĉ be classified by a mapĉ : R → K(Z, 2). We will now determine the homotopy fiber
Lemma 2.18 The homotopy fiber of (c,ĉ) is K(Z, 3).
Proof. We consider the long exact sequence of homotopy groups
Therefore the relevant part is now
Now we observe that (c,ĉ) induces an isomorphism in integral cohomology of degree i ≤ 2.
Therefore it induces an isomorphism α :
2.3.7
We now have seen that R is the total space of a bundle
It remains to determine the invariant κ ∈ H 4 (K(Z, 2) × K(Z, 2), Z). To do this we compute the cohomology of R up to degree 4 and then we determine the differential in the Serre spectral sequence of the bundle. We already know that
We start with recalling the low-dimensional integral cohomology of LK(Z, 3). Note that
We now conclude by the Künneth formula that
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2.3.9
We compute the cohomology H 3 (R, Z) using the Gysin sequence of
is a pull-back of U (1)-principal bundles. Therefore the first Chern class of the U (1)-principal
We further use the fact that U is contractible. The relevant part of the Gysin sequence is
Since c is the first Chern class of π : E → R, the above principal bundle is isomorphic to E and we can use the Gysin sequence for π :
Since H 3 (LK(Z, 3), Z) ∼ = Z and H 2 (R, Z) is free abelian this implies that
The map
, where γ is the constant loop and u ∈ U x is any point. The split classifies the pair (U, 0) over K(Z, 2). The existence of the split implies that c generates a polynomial ring Z[c]
as direct summand inside H * (R, Z).
2.3.11
In particular, c 2 = 0. Therefore the kernel of c :
is generated bŷ c. The Gysin sequence for (2.19) now gives
where the last copy Z is H 4 (LK(Z, 3), Z). This implies that
We now show that c 2 andĉ 2 generate H 4 (R, Z) as a Z-module. We consider the pair over K(Z, 2)
consisting of the trivial bundle Π :
Then we have f * c = 0 and
This shows thatĉ ∈ H 2 (R, Z) generates a polynomial ring isomorphic to Z[ĉ] inside H * (R; Z).
Furthermore, we see that f * (ĉ 2 ) = z 2 is primitive so thatĉ 2 must be primitive, too. Thus 
2.3.12
We now finish the proof of Theorem 2.13. We consider the E 4 -page of the Serre spectral sequence of the fibration (2.14). .
We read off that
The last map is the edge homomorphism and therefore induced by the map 
2.4.2
The classĉ classifies a U (1)-principal bundleπ :Ê → R. Since c ∪ĉ = 0 and H 3 (R, Z) = 0 there exists unique classes h ∈ H 3 (E, Z) andĥ ∈ H 3 (Ê, Z) such that (E, h) and (Ê,ĥ) are dual to each other, where we use Corollary 2.9.
Lemma 2.22
We have h = h.
Proof. Let r : V → R denote the two-dimensional complex vector bundle given by V := L ⊕L, where L andL are the hermitian line bundles associated to E andÊ. Then we can factor the associated unit sphere bundle as
where P(V) is the projective bundle of V. Letc ∈ H 2 (P(V), Z) be the first Chern class of the
. By the Leray-Hirsch theorem H * (P(V), Z) is a free module over H * (R, Z) generated by 1 P(V) ∈ H 0 (P(V), Z) andc. The line bundles L andL induce two sections l,l : R → P(V) such that we have the following pull-back diagrams
Note that l * c = c andl * c =ĉ.
Furthermore, we deduce from the projection formula that
Using the information about the ring structure of H * (R; Z) it follows that c + b = mĉ and c + b = nc for some m, n ∈ Z. Since H 2 (R, Z) is freely generated by c andĉ we conclude that
2.4.3
We also see that π ! (ĥ) = −c. This shows thatĥ :=ĥ ∈ H 3 (Ê, Z) is a generator.
Definition 2.23
We define the dual universal pair by (Ê,ĥ). 
Lemma 2.25 T • T classifies (E, h).
In particular, T 2 ∼ id R .
Proof. We have T * c =ĉ.
The underlying bundle of the pair classified by T 2 is π : E → R. 
Definition 2.26
We define the natural transformation of set-valued functors
B . We call it the T -duality transformation.
2.4.6
The following is a consequence of 2.25.
Corollary 2.27 Note that T 2 B = id. In particular, the T -duality transformation is an isomorphism of functors.
2.4.7
Let (E, h) be a pair over B and c ∈ H 2 (B, Z) be the first Chern class of E.
Lemma 2.28 Any pair (E, h) admits the dual pair (Ê,ĥ) representing the class T B ([E, h]). The first Chern classĉ
Proof. Let f : B → R classify the pair (E, h). Then we let (Ê,ĥ) = f * (Ê,ĥ). The relations between the Chern classes and the three-dimensional cohomology classes follow from the corresponding relations over R obtained in 2.4.2. We have compatible pull-back diagrams
We obtain the Thom class of S(V ) as a pull-back of the universal Thom class of S(V). Its re-
striction to E andÊ gives h andĥ. This shows that (E, h) and (Ê,ĥ) are in duality. 2
We consider pairs (E, h) and (Ê,ĥ) over a space B. Let c,ĉ denote the first Chern classes
of E andÊ.
Lemma 2.29 If (E, h) and (Ê,ĥ) are dual to each other, then we have c
= −π ! (ĥ) andĉ = −π ! (h).
Proof. Denote the canonical generators of the polynomial ring H
(instead of c,ĉ -we do this in order to avoid a notational conflicts).Recall that we have a bundle
be the classifying map of the pair (c,ĉ), i.ef * z = c andf * ẑ =ĉ. Then we have a lift f : B → R. Pulling back the universal pairs over R we get pairs (E, h ′ ) and (Ê,ĥ ′ ) which are dual to each other. Furthermore,
Note that there is a natural action of H 3 (B, Z) on the set P(B) given by β[E, h]
:= (E, h + π * β), β ∈ H 3 (B).
Lemma 2.30 The T -duality transformation is equivariant with respect to this action of H 3 (B, Z).
Proof. This is an immediate consequence of 2.9. 2
By Theorem 2.12 we already knew that the equivalence class of pairs dual to (E, h)
is unique, if such dual pairs exist at all. The new information obtained from the study of the topology of the classifying space is the existence of pairs dual to (E, h). More significantly, note that our proof of the uniqueness part of 2.12 involves Lemma 2.29 whose proof also depends on the knowledge of the topology of R.
T -duality in twisted cohomology theories
Axioms of twisted cohomology
3.1.1 There may be many explicit models of a twisted cohomology theory which lead to equivalent results, and examples abound in the literature. In particular, this applies to the nature of a twist. What we will describe here is a picture which should be the common core of the various concrete realizations.
In any case the twists come as a pre-sheaf of pointed groupoids B → T (B) on the category of spaces. Let us fix some notation for the main ingredients, which also recalls the concept of a pre-sheaf we use. First of all T (B) is a groupoid with a distinguished trivial object θ B , giving rise to the trivial twist (i.e. to no twist at all). If f : A → B is a map of spaces, then there is functor f * : T (B) → T (A) preserving the trivial twists. Furthermore, if g : B → C is a second map, then there exists a natural transformation
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If h : C → D is a third map, then we require that
3.1.2
The following three requirements provide the coupling to topology.
(1) We require that there is a natural transformation c : T (. . .) → H 3 (. . . , Z) (the latter is considered as a pre-sheaf of categories in a trivial manner, i.e. with only identity morphisms) which classifies the isomorphism classes of T (B) for each B. . We refer to [3] for further details, in particular the torsor structure on the sets of morphisms.
(2) In the second example the objects of T (B) are given by the set of continuous maps f : B →
K(Z, 3)
. A morphism u : f → f ′ is then a homotopy class of homotopies from f to f ′ .
We set c( f 
3.1.4
In the following we fix some framework of twists and formulate the axioms of a twisted cohomology theory in this framework. We fix a cohomology theory h for which we want to define a twisted extension.
Definition 3.1 A twisted cohomology theory h extending h associates to each space X and each twist H ∈ T (X ) a Z-graded group h(X , H ). To a map f : Y → X it associates a homomorphism
f * : h(X , H ) → h(Y, f * H ) .
To a morphism u : H → H ′ of twists it associates an isomorphism, natural with respect to
pullbacks,
Finally we require an integration map
for a proper h-oriented map p : Y → X . Integration shall be natural with respect to morphisms in T (X ).
These structures must satisfy the axioms described below.
Axiom 3.2 (Extension) Let θ X ∈ T (X ) denote the trivial twist. There exists a canonical isomorphism h(X , θ X ) → h(X ) which preserves pull-back and integration over the fiber.
Axiom 3.3 (Functoriality) If g : Z → X is a second map, then we have
Ψ g, f (H ) * • ( f • g) * = g * • f * .
If v : H ′′ → H is another morphism of twists, then we have
we can by assumption read off the isomorphism class from the pullbacks of the corresponding classifying cohomology class, which are equal by homotopy invariance of cohomology. We
to be the unique morphism of twists such that
is the identity. The morphism u(h) is determined uniquely this way since i * 0 :
is an isomorphism. The canonical isomorphisms are induced by Axiom 3.3. Note that
u(h) is natural with respect to morphisms in T (X ).
Finally we define
Axiom 3.4 (Homotopy invariance) With these conventions we require that
v * • f * 1 = f * 0 .
Axiom 3.5 (Integration) (1) Functoriality If q : Z → Y is a further proper h-oriented map, then we have
p ! • q ! • Ψ p,q (H ) * = (q • p) ! : h(Z, (q • p) * (H )) → h(X , H ) .
(2) Naturality If g : Z → X is a further map, then we have the Cartesian diagram
and we require that Then we require that the following sequence is exact:
where some canonical isomorphisms are suppressed in the notation.
3.1.6 Examples of twisted cohomology theories which satisfy these axioms (on the category of smooth manifolds and smooth maps) are twisted de Rham cohomology and twisted Spin ccobordism theory [3] and [4] . In these examples twists are Hitchin gerbes. As indicated in [4] there should also be a twisted version of complex K-theory. In this case the missing piece in the literature is a nice description of integration over the fiber and also of the boundary operator in the Mayer-Vietoris sequence.
T -admissibility
3.2.1
We consider the unit sphere S ⊂ C 2 = C ⊕ C. Let E := S 1 andÊ := S 1 . We consider the
T →Ê denote the projections. We define the homotopy h :
homotopy h induces a unique morphism
where u(h) is defined in Section 3.1.5.
3.2.2
Let h be a twisted cohomology theory. Note thatp is canonically h-oriented since TÊ is canonically trivialized by the U (1)-action.
Definition 3.7 We say that the twisted cohomology theory h is T -admissible, if
is an isomorphism. Note that the map has degree −1.
3.2.3
Naturality implies that T -admissibility does not depend on the choice of K inside its isomorphism class.
3.2.4
We show now how one can check T -admissibility in practice.
Let S/(E ∪Ê) be the quotient space of S where i(E) andî(Ê) are identified to one point. We have a natural identification r : S/(E ∪Ê) ∼ = Σ(T ∪ * ) given by the homotopy h used in Section 3.2.1. Note that p * r * :
is the projection. We thus can choose K := p * r * K for some twistK ∈ T (Σ(T ∪ * )). Note that
, the restriction ofK to the base point is the trivial twist. Then we obtain canonical morphisms H ∼ = θ E and H ∼ = θÊ. The homotopy r • h induces now a canonical morphism u(r • h) : θ T → θ T . By the third property stated in 3.1.2 we know that u(u(r • h)) ∈ H 2 (T, Z) ∼ = Z is a generator, too. The determination of this generator involves the precise understanding of the isomorphism p * r * and of the suspension isomorphism.
Note that H 2 (T, Z) acts naturally on h(T ) via the identifications
(T, Z) we denote this action by g * .
Therefore in order to check that the cohomology theory h is T -admissible, it suffices to show
is an isomorphism if g ∈ H 2 (T, Z) is a generator.
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3.2.5
Lemma 3.8 Twisted K-theory is T -admissible.
Proof. Let l ∈ K 0 (T ) be the class of the line bundle over T with first Chern class equal to g ∈ H 2 (T, Z) ∼ = Z. Then g * is induced by the cup product with l. Let 1 ∈ K 0 (S 1 ) and u ∈ K 1 (S 1 )
be the generators. One can computê
where B :
is the Bott periodicity transformation. This is indeed an isomorphism if
3.2.6
We consider the graded ring R := R[z, z −1 ] where deg(z) = −2 and the twisted cohomology H R (X , H ), where we use z in order to couple the twist.
Lemma 3.9 Twisted cohomology with coefficients in R is T -admissible.
Proof. The action of g ∈ H 2 R (T, Z) is given by the cup-product with 1 + zg R , where g R is the image of g in H R (T ). By a simple computation
This is indeed an isomorphism if g = 0. 2
T -admissibility is a strong condition on h. It implies for example that
is an isomorphism of degree −2. This isomorphism induces a two-periodicity of h(E). Here is a non-example.
Lemma 3.10 Twisted Spin c -cobordism is not T -admissible.
Proof. MSpin c (S 1 ) is not two-periodic since it is concentrated in degree ≤ 1. 2
T -duality isomorphisms
3.3.1 We consider two pairs (E, h) and (Ê,ĥ) over B which are dual to each other. We use the notation of 2.2.1. Let Th ∈ H 3 (S(V ), Z) be a Thom class. We choose a twist
and c(Ĥ ) =ĥ. We consider the diagram
This is the parameterized version of the situation considered in 3.2.1. In particular, we have a
which is natural under pullback of bundles.
Let h be a twisted cohomology theory.
Definition 3.12
We define the T -duality transformation
3.3.2
The main theorem of the present section is the following. Assume that B is homotopy equivalent to a finite complex.
Theorem 3.13 If h is T -admissible, then the T -duality transformation T is an isomorphism.
Proof. Let f : A → B be a map. Then we use the pull-back of K in order to define the duality transformation T over A. Let F : f * E → E andF : f * Ê →Ê be the induced maps. The statement of the following Lemma involves various (not explicitly written) canonical isomorphisms.
Lemma 3.14 We have
Assume that we have a decomposition B = U ∪V with open subsets U and V and let j : U ∩V → B denote the inclusion. By taking pre-images with respect to π andπ we obtain associated
denote the boundary operators in the Mayer-Vietoris sequences.
Lemma 3.15
We have
Assuming these lemmas the proof of the theorem now goes by induction on the number of cells of B. The induction starts with any contractible base since h is T -admissible, using naturality and homotopy invariance. In the induction step we adjoin a cell. We use Lemma 3.14 and 
3.3.3
We now prove Lemma 3.14. Let G : f * E × A f * Ê → E × BÊ be the induced map. The assertion follows from the following computation, omitting a number of canonical isomorphisms. The assertion of the Lemma now follows from the following computation, where canonical isomorphisms are omitted.δ We fix an equivalence class of twists corresponding to n ∈ Z. Representatives can be pulled back from S 3 using a degree 1 map. Note that K(E, H ) is independent of the twist in its class up to a non-canonical isomorphism. In the present subsection we want to compute the isomorphism class of this group which we will denote by K(E, n).
Our computation is based on the Mayer-Vietoris sequence.
4.1.2
We choose a ball U ⊂ E. Then we have a decomposition E = U ∪V such that U ∩V ∼ S 2 .
We identify the twists on U and V with the trivial twist. We can arrange that under the degree 1 map to S 3 the set U is mapped to the complement of the south pole and V is mapped to the complement of the north pole.
Using the relation between twists and morphisms in the suspension S 3 of S 2 and naturality, we see that a twist in the class n is given by the transition morphism v : 
where i : S 2 → U and j : S 2 → V are the inclusions. At this point we have fixed the sign of the class of the twist.
4.1.3
We identify K(S 2 ) ∼ = ZI ⊕ Zθ, where I is represented by the trivial one-dimensional bundle, and θ is represented by the difference of a line bundle of degree one and a trivial line bundle. We then have u * I = I ± nθ and u * θ = θ.
4.1.4
The Mayer-Vietoris sequence gives
The restriction of a to the first summand maps 1 ∈ Z to I ⊕ ±nθ.
Therefore we have a(k, x) = (k − dim(x))I ± knθ. We conclude that for n = 0
whereK 0 (E) := ker(dim) is the reduced group. Furthermore, K 1 (E, n) fits into a sequence
Note that K 1 (V ) is free abelian and satisfies rank K 1 (V ) = rank K 1 (E) − 1. In particular we get
4.1.5
Let M be a closed oriented surface of genus g. The U (1)-principal bundles over M are classified by the first Chern class. Let π : E k → M be the bundle with first Chern class
We use the Gysin sequence in order to compute the integral cohomology of
4.1.6
We now compute the K-theory of E k using the Atiyah-Hirzebruch spectral sequence.
The second page in the case k = 0 looks like (vertically periodic)
The only possibly non-trivial differential is d 2,3 3 . But since the spectral sequence degenerates rationally, the differential is trivial. We get
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4.1.7
We now use this result in order to compute K(E k , n). We get for n = 0
4.1.8
Let us now verify that this computation confirms T -duality. In fact, the unique dual pair
of degree −1. This is in fact compatible with the results above. 
Line bundles over
Note that n = ∞ is permitted in the construction and calculation, and that E n,∞ is a model for BZ/nZ.
4.2.2
We compute the K-theory of E n,r using the Atiyah-Hirzebruch spectral sequence. We observe that this sequence degenerates. We get
, where A n r is an abelian group with n r elements and with composition series with subquotients Z/nZ. Using Atiyah's completion theorem lim
we get extra information about these groups, e.g. that the limit is torsion-free. In the particularly simple case n = 2 we have
, which implies that A 2 r ∼ = Z/2 r Z is cyclic.
4.2.3
The computation of the cohomology shows that only E 0 admits non-trivial twists. Let us fix the generator g ∈ H 3 (E 0 ) such that (p 0 ) ! (g) = z. Then twists H over E 0 are classified by an integer k ∈ Z such that c(H ) = kg. Let K(E 0 , k) be the isomorphism class of the twisted K-theory for the twists in the class k ∈ Z. We can now apply T -duality in order to compute this group. In fact, the unique dual pair of (E 0 , k) is (E −k , 0). Thus we get
Note that the calculations of this section, using the results of the present paper, relies on the fact that twisted K-theory is a twisted cohomology theory in the sense of our axioms. As explained earlier, no complete account of such a theory seems to be available in the literature.
Iterated T -duality
4.3.1 Let T denote the group U (1) ×U (1).
Definition 4.1 Two principal T -bundles F → B and F ′ → B are isomorphic if there exists an isomorphism of fiber bundles F
such that U is T -equivariant.
The group of automorphisms of T is GL(2, Z).
If we identify T ∼ = R 2 /Z 2 , then the action of this group on T is induced by the linear action on R 2 . Let φ ∈ GL(2, Z). Assume that B is connected. We say that two T -principal bundles over B are twisted isomorphic if they are φ-twisted isomorphic for some (then uniquely determined) φ.
4.3.3
We consider a T -principal bundle π : F → B. We need the subgroups S 0 := U (1)×{1} ⊂ T and S 1 := {1} ×U (1) ⊂ T . We define E 0 := F/S 0 and E 1 := F/S 1 . All these spaces fit into
where p i and π i are U (1)-principal bundles in a natural way. We consider a class h ∈ H 3 (F, Z).
Definition 4.4
We say that the pair (F, h) is dualizable, if h = p * 0 (h 0 ) + p * 1 (h 1 ) for some h i ∈ H 3 (E i , Z).
4.3.4
We can now try to construct a T -dual of (F, h) by iterated T -duality. We first form the dual ( 0F , 0ĥ ) of the pair (F → E 1 , h) . Note that we have the pull-back diagram Now we form the dual (F,ĥ) of the pair ( 0F →Ê 0 , 0ĥ ). Let (Ê 1 ,ĥ 1 ) be the dual of (E 1 , h 1 ).
Then we getF by the pull-backFp We have a decomposition
